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Abstract. In this paper, we give an introduction for rough groups and rough homomorphisms.
Then we present some properties related to topological rough subgroups and rough subsets. We
construct the product of topological rough groups and give an illustrated example. Then, we
define topological rough group homomorphisms and topological rough group homeomorphisms.
Finally, we introduce a rough action, a rough homogenous space and a rough kernel.
1. Introduction
In [4], Bagirmaz et al. introduced the concept of topological rough groups. They extended
the notion of a topological group to include algebraic structures of rough groups. In addition,
they presented some examples and properties.
The main purpose of this paper is to introduce some basic definitions and results about
topological rough groups and topological rough subgroups. We also introduce the certesian
product of topological rough groups.
The organization of the paper is as follows: Section 2 gives basic results and definitions on
rough groups and rough homomorphisms. In Section 3, following results and definitions of [4],
we give some more interesting and nice results about topological rough groups. In Section 4 we
prove that the product of topological rough groups is a topological rough group. Further, an
example is provided. Finally in Section 5 We will introduce topological rough group homomor-
phisms and topological rough group homeomorphisms which are related to topological rough
groups defined by Bagirmaz et al. in [4]. Then we present rough actions and rough homogenous
spaces, and discuss some of their properties. We also define a rough kernel. For the details of
topological group theory we follow [3].
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2. Rough groups and rough homomorphisms
First, we give the definition of rough groups introduced by Biswas and Nanda in 1994.
Let (U,R) be an approximation space such that U is any set and R is an equivalence relation
on U . For a subset X ⊆ U ,
X = {[x]R : [x]R ∩X 6= ∅}
and
X = {[x]R : [x]R ⊆ X}.
Suppose that (∗) is a binary operation defined on U . We will use xy instead of x ∗ y for all
composition of elements x, y ∈ U as well as for composition of subsets XY , where X, Y ⊆ U .
Definition 2.1. [4] Let G = (G,G) be a rough set in the approximation space (U,R). Then
G = (G,G) is called a rough group if the following conditions are satisfied:
(1) ∀x, y ∈ G, xy ∈ G (closed);
(2) (xy)z = x(yz), ∀x, y, z ∈ G (associative law);
(3) ∀x ∈ G, ∃e ∈ G such that xe = ex = x (e is the rough identity element);
(4) ∀x ∈ G, ∃y ∈ G such that xy = yx = e (y is the rough inverse element of x. It is
denoted as x−1).
Definition 2.2. [4] A non-empty rough subset H = (H,H) of a rough group G = (G,G) is
called a rough subgroup if it is a rough group itself.
The rough set G = (G,G) is a trivial rough subgroup of itself. Also the rough set e = (e, e)
is a trivial rough subgroup of the rough group G if e ∈ G.
Theorem 2.1. [4]A rough subset H is a rough subgroup of the rough group G if the two
conditions are satisfied:
(1) ∀x, y ∈ H, xy ∈ H;
(2) ∀y ∈ H, y−1 ∈ H.
Also, a rough normal subgroup can be defined. Let N be a rough subgroup of the rough
group G, then N is called a rough normal subgroup of G if for all x ∈ G, xN = Nx
Definition 2.3. [7] Let (U1, R1) and (U2, R2) be two approximation spaces and ∗, ∗
′
be two
binary operations on U1 and U2, respectively. Suppose that G1 ⊆ U1, G2 ⊆ U2 are rough groups.
If the mapping ϕ : G1 → G2 satisfies that for all x, y ∈ G1, ϕ(x ∗ y) = ϕ(x) ∗
′
ϕ(y), then ϕ is
called a rough homomorphism.
Definition 2.4. [7] A rough homomorphism ϕ from a rough group G1 to a rough group G2 is
called:
(1) a rough epimorphism (or surjective) if ϕ : G1 → G2 is onto.
(2) a rough embedding (or monomorphism) if ϕ : G1 → G2 is one-to -one.
(3) a rough isomorphism if ϕ : G1 → G2 is both onto and one-to-one.
3. Topological rough groups
Here, we study a topological rough group, which is an ordinary topology on a rough group,
i.e., a topology τ on G induced a subspace topology τG on G. Suppose that (U,R) is an
approximation space with a binary operation ∗ on U. Let G be a rough group in U .
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Definition 3.1. [4] A topological rough group is a rough group G with a topology τ on G
satisfying the following conditions:
(1) The product mapping f : G×G→ G defined by f(x, y) = xy is continuous with respect
to a product topology on G×G and the topology τG on G induced by τ ;
(2) The inverse mapping ι : G→ G defined by ι(x) = x−1 is continuous with respect to the
topology τG on G induced by τ .
Elements in the topological rough group G are elements in the original rough set G with
ignoring elements in approximations.
Example 3.1. [4] Let U = {0, 1, 2} be any group with 3 elements. Let U/R = {{0, 2}, {1}} be
a classification of equivalent relation. Let G = {1, 2}, then G = {1} and G = {0, 1, 2} = U . A
topology on G is τ = {∅, G, {1}, {2}, {1, 2}}, then the relative topology is τG = {∅, G, {1}, {2}}.
The two conditions in Definition 3.1 are satisfied, hence G is a topological rough group.
Example 3.2. Let U = R and U/R = {{x : x > 0}, {x : x < 0}} be a partition of R. Consider
G = R∗ = R − 0. Then G is a rough group with addition. It is also a topological rough group
with the usual topology on R.
Example 3.3. [4] Consider U = S4 the set of all permutations of four objects. Let (∗) be the
multiplication operation of permutations. Let
U/R = {E1, E2, E3, E4},
be a classification of U, where
E1 = {1, (12), (13), (14), (23), (24), (34)}
E2 = {(123), (132), (142), (124), (134), (143), (234), (243)}
E3 = {(1234), (1243), (1342), (1324), (1423), (1432)}
E4 = {(12)(34), (13)(24), (14)(23)}.
Let G = {(12), (123), (132)}, then G = E1 ∪ E2. Clearly, G is a rough group. Consider a
topology on G as τ = {∅, G, {(12)}, {1, (123), (132)}, {1, (12), (123), (132)}}, then the relative
topology on G is τG = {∅, G, {(12)}, {(123), (132)}}. The two conditions in Definition 3.1 are
satisfied, hence G is a topological rough group.
Proposition 3.1. [4] Let G be a topological rough group and fix a ∈ G. Then
(1) the mapping La : G → G defined by La(x) = ax, is one-to-one and continuous for all
x ∈ G.
(2) the mapping Ra : G → G defined by Ra(x) = xa, is one-to-one and continuous for all
x ∈ G.
(3) the inverse mapping ι : G→ G is a homeomorphism for all x ∈ G.
Proposition 3.2. [4] Let G be a topological rough group, then G = G−1.
Now, we will define rough symmetry in topological rough group.
Definition 3.2. Let G be a topological rough group. Then a subset U of G is called rough
symmetric if U = U−1.
Corollary 3.1. Every rough subgroup of topological rough group is rough symmetric.
4 N. ALHARBI, A. ALTASSAN, H. AYDI, C. O¨ZEL
Proof. Let G be a topological rough group and let H be a rough subgroup of G. Then H
is a topological rough subgroup with relative topology. By Proposition 3.2, it is clear that
H = H−1. Hence H is rough symmetric.

Proposition 3.3. [4] Let G be a topological rough group and V ⊆ G. Then V is open(closed)
⇐⇒ V −1 is open(closed).
Proposition 3.4. [4] Let G be a topological rough group and W be an open set in G with
e ∈ W . Then there exists an open set V with e ∈ V such that V = V −1 and V V ⊆ W .
Proposition 3.5. [4] Let G be a topological rough group. If G = G then G is a topological
group.
From the defintion of rough subgroup, we obtain the following result.
Theorem 3.1. Let G be a topological rough group. Then closure of any rough symetric subset
A of G is again rough symetric.
Proof. The inverse map ι : G→ G is a homeomorphism, then cl(A) = (cl(A))−1.

Theorem 3.2. Let G be a topological rough group, and let H be a rough subgroup. If cl(H) in
G is subset of G, then cl(H) is a rough subgroup in G.
Proof. (1) Closed under product: Let x, y ∈ cl(H) =⇒ xy ∈ G =⇒ ∃ open set
U ∈ G such that xy ∈ U. Claim prove that U ∧ H 6= ∅. Consider the multiplication
map µ : G × G → G =⇒ ∃ open sets W,V of G such that x ∈ W, y ∈ V, then
W ∧H 6= ∅, V ∧H 6= ∅. Since topology on G is relative topology on G, then there exists
open sets W
′
, V
′
of G such that W ⊆ W
′
, V ⊆ V
′
, implies W
′
∧ H 6= ∅, V
′
∧ H 6= ∅.
Then µ(W × V ) ∧ H 6= ∅, but we have µ(W × V ) ⊆ U, =⇒ H ∧ U 6= ∅. Hence
xy ∈ cl(H) ⊆ cl(H).
(2) Inverse element; since the inverse map is a homeomorphism, cl(H)−1 = cl(H).

4. Cartesian Product of Topological Rough Groups
Let (U,R1) and (V,R2) be approximation spaces with binary operations ∗1 and ∗2, re-
spectively. Consider the cartesian product of U and V : let x, x
′
∈ U and y, y
′
∈ V, then
(x, y), (x
′
, y
′
) ∈ U × V . Define ∗ as (x, y) ∗ (x
′
, y
′
) = (x ∗1 x
′
, y ∗2 y
′
), then ∗ is a binary oper-
ation on U × V . From our paper [?], we have that the product of equivalence relations is also
an equivalence relation on U × V .
Theorem 4.1. Let G1 ⊆ U and G2 ⊆ V be two rough groups. Then the cartesian product
G1 ×G2 is also a rough group.
The following conditions are satisfied:
(1) For all (x, y), (x
′
, y
′
) ∈ G1 ×G2, (x1, y
′
1
) ∗ (x2, y
′
2
) = (x1 ∗1 x2, y
′
1
∗2 y
′
2
) ∈ G1 ×G2.
(2) Associative law is satisfied over all elements in G1 ×G2.
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(3) There exists an identity element (e, e
′
) ∈ G1×G2 such that ∀(x, x
′
) ∈ G1×G2, (x, x
′
)×
(e, e
′
) = (e, e
′
)× (x, x
′
) = (ex, e′x
′
) = (x.x′).
(4) For all (x, x
′
) ∈ G1 × G2, there exists an element (y, y
′
) ∈ G1 × G2 such that (x, x
′
) ∗
(y, y
′
) = (y, y
′
) ∗ (x, x
′
) = (e, e
′
).
Example 4.1. Consider Example 3.1 where U = {0, 1, 2} and U/R = {{0, 2}, {1}}. Then the
cartesian product U × U is as follows:
U × U = {(0, 0), (0, 2), (0, 1), (2, 0), (2, 2), (2, 1), (1, 0), (1, 2), (1, 1)},
then the new classification is
{{0, 0), (0, 2), (2, 0), (2, 2)}, {(0, 1), (2, 1)}, {(1, 0), (1, 2)}, {(1, 1)}}.
Consider the rough group G = {1, 2}, then the cartesian product G×G is
G×G = {(2, 2), (2, 1), (1, 2), (1, 1)},
where G×G = G×G = U × U. From the definition of a rough group, we have that
(1) the multiplication of elements in G × G is closed under G × G, i.e. (2, 2)(2, 2) =
(1, 1), (2, 2)(2, 1) = (1, 0), (2, 2)(1, 1) = (0, 0), (2, 2)(1, 2) = (0, 1), (2, 1)(2, 1) = (1, 2),
(2, 1)(1, 1) = (0, 2), (2, 1)(1, 2) = (0, 0), (1, 1)(1, 1) = (2, 2), (1, 1)(1, 2) = (2, 0).
(2) There exists (0, 0) ∈ G×G such that for every (g, g
′
) ∈ G× G, we have (0, 0)(g, g
′
) =
(g, g
′
).
(3) For every element of G×G, there exists an inverse element in G×G, where (1, 1)−1 =
(2, 2) ∈ G×G, (2, 1)−1 = (1, 2) ∈ G×G.
(4) The associative law is satisfied.
Hence G×G is a rough group.
From Example 3.1, we have τ = {∅, G, {1}, {2}, {1, 2}} as a topology on G, then τ × τ is the
product topology of G×G. Also we have τG = {∅, G, {1}, {2}} as a relative topology on G, then
τG × τG is a product topology on G×G induced by τ × τ.
Consider the multiplication map µ : (G× G) × (G× G) → G× G. This map is continuous
with respect to topology τ × τ and the product topology on (G × G) × (G× G). Also, consider
the inverse map ι : G×G→ G×G is continuous. Hence G×G is a topological rough group.
5. Rough Action and Rough Homeogenous Spaces in Classical Set Topology
Note that, we are interested in rough action and rough homegenous spaces in classical set
topology using rough set groups. Let (U,R1), (V.R2) be approximation spaces such that G1 ⊆ U
and G2 ⊆ V . Let G1, G2 be topological rough groups such that τ1, τ2 are topologies on G1, G2
respectively inducing τG1 , τG2 on G1, G2 respectively.
A mapping f : G1 → G2 is called a topological rough group homomorphism, if f is a
rough homomorphism and continuous with respect to the topology τ2 on G2 inducing τG2 on
G2 and a topology τ1 on G1 inducing τG1 on G1.
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Topological rough group homomorphism f : G1 → G2 is called a topological rough group
homeomorphism, if there exists a topological rough group homomorphism f−1 such that
f−1 ◦ f = 1G1 .
Let (U,R) be an approximation space. Assume that, G and X are two subsets of U such
that G is a topological rough group, and X is a topological rough space inducing the topology
rough space X i.e, rough set with ordinary topology. Then we are ready to give the definition
of the action of a rough group G on a rough space.
Definition 5.1. A continuous map µ : G × X → X (resp. µ : X × G → X) is called a left
(resp. right) rough action of G on X, if it satisfies the following conditions:
(1) g(g
′
x) = (gg
′
)x (resp. ((xg)g
′
= x(gg
′
)), for every g, g
′
∈ G and x ∈ X.
(2) ex = x (resp. xe = x), e ∈ G, for every x ∈ X.
Then X is called a rough G-space.
The action µ is said to be effective if gx = g
′
x, for every x ∈ X implies g = g
′
. In addition,
the action µ is said to be transitive, if for every x, x
′
∈ X , there is g ∈ G such that gx = x
′
.
Definition 5.2. Let X be a rough G-space. Then X is said to be topologically rough
homogeneous if for any x, y ∈ X, there is a topological homeomorphism Φ : X → X such
that Φ(x) = y.
Theorem 5.1. Let G be a topological rough group and X a rough G- space. Then left(resp.
right) transformation map Lg(Rg) : X → X, for every g ∈ G, which is defined by Lg(x) =
gx(Rg(x) = xg), is a topological homeomorphism.
Proof. Indeed, the continuity of the action µ implies the continuity of Lg. The conditions 1
and 2 in Defintion 5.1 are respectively equivalent to
(1) Lg ◦ Lg′ = Lgg′ .
(2) Le = 1X .
Therefore, the maps Lg and Lg−1 are inverses of each other. Thus, Lg is a topologically home-
omorphism from X to X. 
Note that, the left (resp. right) transformation map Lg(Rg) : X → X, is not topological
homeomorphism for every g ∈ G, only in the case that G is a group.
Remark 5.1. For every open set O in X, and g ∈ G Lg(O) = gO is open in X.
Remark 5.2. Let H be a rough subgroup of G, and let G be a group. Then H acts on G, and
thus G is a homogeneous space.
Remark 5.3. If G is a group, then G acts roughly on itself.
Theorem 5.2. Let G be a topological rough group such that G is a group. For any open subset
U of G, if A is a subset of G, then AU (respectively UA) is open in G.
Proof. The fact that G is a group implies that G acts on itself, then for every g ∈ G,Lg, or
(Rg) is a topological homeomorphism. The rest of proof follows immediately from left (right)
transformation, because that AU = ∪a∈ALa(U) and UA = ∪a∈ARa(U).

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Theorem 5.3. Let G be an topological rough group such that G is a group. Let H be a rough
subgroup of G such that H is closed under multiplication. If there is an open set W of G such
that e ∈ W and W ⊆ H, then H is open set in G.
Proof. Let W be a non-empty open set of G such that W ⊆ H and e ∈ W . Then for every
h ∈ H , Lh(W ) = hW is open in G. Hence H =
⋃
h∈H hW is open in G. 
Theorem 5.4. Let G be a topological rough group such that G is a group and let H be a rough
subgroup of G. Let W be an open set in G such that W ⊆ H. Then for every h ∈ H, hW is
an open set in H.
Proof. Since H ⊆ G, and G is a group, then Lh is a topological homeomorphism. By left
transformation Lh(W ) = hW is open in G. The fact that W ⊆ H, implies hW ⊆ H. Hence
hW is open in H.

Definition 5.3. Let G be a topological rough group and let B ⊆ τG be a base for τG. For g ∈ G,
the family
Bg = {O ∈ B : g ∈ O} ⊆ B
is called a base at g.
Theorem 5.5. Let G be a topological rough group such that the identity element e ∈ G and G
is closed under multiplication. Let G be an open set in G, for g ∈ G the base of g in G is equal
to
Bg = {gO : O ∈ Be},
where Be is the base of the identity e in τG.
Proof. Since g ∈ G, then g ∈ G, let U be an open set in G and let g ∈ U. Since e ∈ G, and G is a
topological rough group, this implies that, there are two open sets W,V such that g ∈ W, e ∈ V
and µ(W×V ) ⊆ U.We have G is an open set in τ, then V is a neibourhood of e in τ. Then there is
a basic open set O ∈ Be such that e ∈ O ⊆ V. Hence Lg(O) = gO ⊆ µ(W×O) ⊆ µ(W×V ) ⊆ U.

Definition 5.4. Let Φ : G1 → G2 be a topological rough group homomorphism and let e2 be
the rough identity element in G2. Then
ker(Φ) = {g ∈ G1 : Φ(g) = e2}.
is called the rough kernel associated to the map Φ.
Remark 5.4. Our Definition 5.4 is equivelent to definition of rough kernel in rough groups
in [7].
Theorem 5.6. Let Φ be rough homomorphism from G1 to G2. Then the rough kernel is a rough
normal subgroup of G1.
Proof. For every x, y ∈ ker(Φ), we have Φ(x) = e2, and Φ(y) = e2.
(1) Since Φ(x ∗ y) = Φ(x) ∗
′
Φ(y) = e2, we have x ∗ y ∈ ker(Φ).
(2) We have Φ(x−1) = (Φ(x))−1 = (e2)
−1. Hence ker(Φ) is a rough subgroup of G1.
(3) For every x ∈ G1 and r ∈ ker(Φ), we have Φ(x ∗ r ∗ x
−1) = Φ(x) ∗
′
Φ(r) ∗
′
Φ(x−1) = e2.
Therefore, x ∗ r ∗ x−1 ∈ ker(Φ). so that ker(Φ) is a rough normal subgroup of G1.
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
Remark 5.5. The rough kernel is always a subset of upper approximation of G1. Indeed, if G1
is a group then the kernel is a normal subgroup of G1.
Example 5.1. Consider the map Φ : GU → GS4, where GU and GS4 are rough groups in
Example 3.1 and Example 3.3 respectivily. Define f as follow:
Φ(0) = (1),Φ(1) = (1),Φ(2) = (1).
Clearly Φ is continuous and homomorphism. Hence Φ is a topological rough group homomor-
phism. From Definition 5.4 it is easy to see that ker(Φ) = {1, 2} which is a subset of GU .
Moreover, ker(Φ) is a rough normal subgroup of GU .
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